The Gasca-Maeztu conjecture for the case n=4 was proved for the first time in [J. R. Busch, A note on Lagrange interpolation in R 2 , Rev. Un. Mat. Argentina 36 (1990) 33-38]. Here we bring a short and simple proof of it.
Introduction
Denote by Π n the space of bivariate polynomials of total degree not greater than n. We have N := dim Π n = n + 2 2 .
We call a set X s = {(x 1 , y 1 ), (x 2 , y 2 ), . . . , (x s , y s )} of distinct nodes n-poised, if for any data {c 1 , . . . , c s } there exists a unique polynomial p ∈ Π n satisfying the conditions p(x i , y i ) = c i , i = 1, 2, . . . s.
(1.1)
It follows from the Proposition 1.1 that at most n + 1 n-independent nodes can lye in a line.
We will make use of a special case of Cayley-Bacharach Theorem (see e.g., [1] ,Th. CB4, [3] , Prop. 4.1): Theorem 1.2. Assume that the three lines ℓ 1 , ℓ 2 , ℓ 3 intersect another three lines ℓ
at nine different points. If a polynomial p ∈ Π 3 vanishes at any eight intersection points, then it vanishes at all nine points.
The Gasca-Maeztu conjecture
Here we consider a special type of n-poised sets.
Definition 2.1. We call an n-poised set X GC n -set if each node A ∈ X has an n-fundamental polynomial which is a product of n linear factors.
Since the fundamental polynomial of an n-poised set is unique each of these lines passes through at least two nodes from X , not belonging to the other lines (see e.g. [4] , Lemma 2.5).
Next we bring the Gasca-Maeztu conjecture:
Conjecture 2.2 (Gasca, Maeztu [2] ). Any GC n -set contains n + 1 collinear nodes.
So far the conjecture was proved for the values n ≤ 5 (see [7] ). In the case n = 4 this reduces to the following: Theorem 2.3. Any GC 4 -set X of 15 nodes contains five collinear nodes.
To prove this, we shall assume from now on:
The set X is a GC 4 -set which does not contain five collinear nodes, (2.1) in order to derive a contradiction.
For each node A ∈ X the 4-fundamental polynomial is a product of four linear factors. In view of assumption (2.1) the 14 nodes of X \{A} are distributed in the four lines used by A in two possible ways: 4 + 4 + 4 + 2 or 4 + 4 + 3 + 3. Accordingly, we can represent p ⋆ A in two forms:
2)
The lines with = k in the subscript are called k-node lines and pass through exactly k nodes. The lines with ≥ k in the subscript pass through k nodes and possibly also through some other, already counted nodes, which are the intersection points with the other lines.
Lines used by several points
Moreover we have that the node A in its turn belongs to the line α =4 . Now let us verify that the nodes A and B do not share any line exceptl. If a third node C is usingl then we have that C ∈ I and p * C must vanish at eight nodes of I but by the Theorem 1.2 p * C vanishes at C also, which is a contradiction. Therefore the 4-node line, in this case, can be used at most twice.
Corollary 2.6. Suppose ℓ is a 4-node line and three nodes A, B, C ∈ X \ ℓ use a linel, Then l is among the three lines used by A, B and C.
Indeed, the 12 nodes of X \ {A, B, C} lie in the three used lines. With the following Lemma we strengthen the Lemma 2 in [5] .
Lemma 2.7. If a node A ∈ X uses a 4-node line ℓ then there are two more nodes in X using it.
Proof. Denote the four lines joining the node A with the four nodes on ℓ by ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 . Consider any node from X \ (ℓ ∪ {A}). The four lines used by it pass through five nodes in ℓ∪{A}. Therefore one of lines passes through 2 nodes of the five and therefore coincides with one of the lines ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 or ℓ. Thus each of eleven nodes of X \ ℓ uses one of the lines ℓ, ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 . Hence there are at least three nodes in X \ ℓ using the same linel from the mentioned 5. In view of Corollary 2.6l is used by the same triple of nodes. In view of Lemma 2.5 the node A is among the three nodes.
Remark 2.8. Notice, thatl ≡ ℓ. Indeedl is used by A and therefore it cannot coincide with any ℓ i , i = 1, 2, 3, 4, Also, each of the lines ℓ, ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 is used by exactly 2 nodes from 10 of X \ (ℓ ∪ {A}). Therefore in view of Lemma 2.5 each of the lines ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 is a 4-node line.
Proof of the conjecture
It follows from Lemmas 2.5 and 2.7 that all the fundamental polynomials of X have the form 4 + 4 + 4 + 2, i.e., the first case of (2.2).
Suppose a node A uses a 4-node line ℓ and the four lines ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 pass through A and the four nodes in ℓ, as in the proof of Lemma 2.7. The line ℓ is used by two more nodes B, C / ∈ ℓ. (Lemma 2.7) . The nodes A, B, C share two more 4-node lines which we denote by ℓ ′ and ℓ ′′ . Let us verify that the nodes B and C do not lie in the lines ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 . Indeed, suppose conversely, say, the node B is in ℓ 1 . Then, in view of Remark 2.8, C does not use any of the 4-node lines ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 while from the proof of Lemma 2.5 we have that C uses the line passing through A and B and thus coinciding with ℓ 1 .
Therefore, 12 nodes of X \ {A, B, C} belong to the lines ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 . From the other side these 12 nodes belong to the lines ℓ, ℓ ′ and ℓ ′′ . Now, we may conclude that 12 nodes of X \ {A, B, C} are the intersection points of the 4 lines ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 . with the 3 lines ℓ, ℓ ′ and ℓ ′′ . Finally consider the polynomial p = ℓ 1 ℓ 2 ℓ 3 ℓ 4 . As the fourth degree polynomial p vanishes at all the nodes but B and C, it should be a linear combination of the fundamental polynomials of these two nodes. Both these fundamental polynomials vanish on the lines ℓ, ℓ ′ , ℓ ′′ , so this should be true also for p, which is a contradiction. The Theorem 2.3 is proved.
